Abstract. In this paper, we present some families of polynomials in two variables. Some further results of these polynomials as generating function, Rodrigues formula and recurrence relations are discussed. We derive various families of bilinear and bilateral generating functions. We also give some particular cases reduced to Hermite-Hermite and Laguerre-Laguerre polynomials.
Introduction
Recently, several families of multivariable polynomials have been derived in [2, 3, 4] . In this paper, we give some families of polynomials in two variables. In [1] , we presented a family of polynomials defined through Rodrigues formula:
(1.1) φ k+n(m−1) (x) = e ϕm(x) d n dx n ψ k (x) e −ϕm (x) where φ k+n(m−1) (x) is a polynomial of degree k + n (m − 1), n = 0, 1, 2, . . . and, ψ k (x) and ϕ m (x) are polynomials respectively of degree k and m; k, m = 0, 1, 2, . . . . In that work, for these polynomials whose special cases are reduced to Hermite polynomials, we gave some recurrence relations and generating function. In this paper, as a generalization of polynomials (1.1), we present a family of polynomials in two variables and obtain some relations satisfied by these polynomials. We also derive various families of bilinear and bilateral generating functions for these polynomials. Krall and Sheffer [5] (see also [8] ) showed that the products of two classical orthogonal polynomial are orthogonal. Two of such polynomials are respectively Hermite-Hermite and Laguerre-Laguerre polynomials which are of degree m + n F n+m,m (x, y) = H n (x) H m (y) ; m, n = 0, 1, . . . We define a family of polynomials whose particular cases are reduced to Hermite-Hermite and Laguerre-Laguerre polynomials with Rodrigues formula: (1.2) φ N, n 2 (x, y) = e ϕm(x,y) ∂ n 1 +n 2 ∂x n 1 ∂y n 2 ψ k (x, y) e −ϕm(x,y) ( n 1 , n 2 , k, m = 0, 1, 2, . . . , )
where N = (m − 1) (n 1 + n 2 ) + k denotes the total degree of the polynomial with respect to the variables x and y, and subindex n 2 gives the order of polynomials which are of degree (m − 1) (n 1 + n 2 ) + k. Let ψ k (x, y) and ϕ m (x, y) be polynomials of respectively total degree k and m with respect to x and y. Also, let ϕ m (x, y) contain at least two of monomials x m−k y k , k = 0, 1, . . . , m of degree m. Taking n 1 − n 2 instead of n 1 in (1.2), the polynomials (1.2) give (n 1 + 1) polynomials which are of degree (m − 1) n 1 + k for n 2 = 0, 1, . . . , n 1 .
The main object of this paper is to construct a polynomial set which contain Hermite-Hermite and Laguerre-Laguerre orthogonal polynomials and to give some relations satisfied by these polynomials. We derive various families of bilinear and bilateral generating functions for the polynomials φ N, n 2 (x, y) given by (1.2). We also show that some particular cases of (1.2) are reduced to Hermite-Hermite and Laguerre-Laguerre orthogonal polynomials.
Generating Function for the Polynomials
In this section, we give some families of generating function for the polynomials φ N, n 2 (x, y) with two variables in the form F (x, y; r 1 , r 2 ) = ∞ n 1 ,n 2 =0 a n 1 ,n 2 P n 1 ,n 2 (x, y) r
with the help of the Cauchy's integral formula.
Theorem 2.1. For the polynomials φ N, n 2 (x, y) , we have
φ N, n 2 (x, y) r
where F (x, y; r 1 , r 2 ) = ψ k (x + r 1 , y + r 2 ) e ϕm(x,y)−ϕm(x+r 1 ,y+r 2 ) .
Proof. Consider the series
with the help of the Cauchy's integral formula,we can write that
where the closed contour C 1 in the complex z−plane is a circle (centered at z = x) of sufficiently small radius, which is described in the positive direction (counter-clockwise). Therefore A n 2 (x, y, r 1 ) = e ϕm(x,y) 2πi
where C 2 is a circle (centered at z = x+r 1 ) with radius ε > 0 in the complex z−plane. Thus
Multiplying both sides of (2.2) by r n 2 2 n 2 ! and then summing both sides, we obtain (2.3)
e ϕm(x,y) ∂ n 2 ∂y n 2 ψ k (x + r 1 , y) e −ϕm(x+r 1 ,y) r n 2 2 n 2 ! . 
A Class of Polynomials in Two Variables
Applying the Cauchy's integral formula again to the right hand-side of (2.3), for suitable contour C 3 , we have
which completes the proof of the Theorem 2.1.
Some Recurrence Relations of the Polynomials
In this section, we give some recurrence relations satisfied by the polynomial set φ N, n 2 (x, y) for some special choices of the polynomials
2), we get the polynomials:
As a consequence of Theorem 2.1, the generating function for the polynomials (3.1) is given by
where
For these polynomials given by (3.1), we have the following results. Theorem 3.1.
Let
Then for the polynomials φ N, n 2 (x, y), we have the following recurrence relations
Proof. The Taylor series of the polynomial
Differentiating each member of the generating function (3.2) with respect to r 1 and using (3.2), we find that
Using (3.3) in the last equality, therefore we get the first desired recurrence relation for the polynomials φ N, n 2 (x, y) .
On the other hand, the Taylor series of the polynomial ∂ ∂r 2 ϕ m (x + r 1 , y + r 2 ) at
A Class of Polynomials in Two Variables
Similarly, if we differentiate two hand side of (3.2) with respect to r 2 and use (3.2) and (3.4), we obtain the second recurrence relation.
Other recurrence relations for the polynomials φ N, n 2 (x, y) can be obtained by differentiating the generating function (3.2) with respect to x and y, immediately.
Theorem 3.2. Let Ω (p,l) (x, y; n 1 , n 2 ) be as in Theorem 3.1. Then for the polynomials φ N, n 2 (x, y), we have the following recurrence relations
The next results can be easily obtained from Theorem 3.1 and Theorem 3.2.
Theorem 3.3. For the polynomials φ N, n 2 (x, y) , we get as follows
and
Setting ψ k (x, y) = 1 in (1.2), we obtain the polynomials (3.5) φ N 1 , n 2 (x, y) = e ϕm(x,y) ∂ n 1 +n 2 ∂x n 1 ∂y n 2 e −ϕm(x,y) .
which are of degree N 1 = (m − 1) (n 1 + n 2 ) . As a result of Theorem 3.1-3.3, we have following: Corollary 3.4. The polynomials φ N 1 , n 2 (x, y) hold respectively:
Orthogonality of Special Cases of the Polynomials φ N,n 2 (x, y)
In this section, taking some special cases of the polynomials φ N, n 2 (x, y), we give orthogonality of the polynomials expressed as product of two classical Hermite polynomials or Laguerre polynomials. Setting ψ k (x, y) = xy and ϕ m (x, y) = x 2 + y 2 in (1.2), we have φ n 1 +n 2 +2,n 2 (x, y) = e x 2 +y 2 ∂ n 1 +n 2 ∂x n 1 ∂y n 2 xye
where H n 1 +1 (x) and H n 2 +1 (y) are Hermite polynomials of degree n 1 + 1 and n 2 + 1, respectively.
{F n 1 ,n 2 (x, y)} = {φ n 1 +n 2 +2,n 2 (x, y)} ; n 1 , n 2 = 0, 1, .. 
where δ n 1 ,m 1 and δ n 2 ,m 2 are Kronecker delta. On the other hand, getting ϕ m (x, y) = x 2 + y 2 + αx in (3.5), we have φ n 1 +n 2 ,n 2 (x, y) = e x 2 +y 2 +αx ∂ n 1 +n 2 ∂x n 1 ∂y n 2 e
where H n 1 x + α 2 and H n 2 (y) are Hermite polynomials of degree n 1 and n 2 , respectively. Similarly 
where δ n 1 ,m 1 and δ n 2 ,m 2 are Kronecker delta. If we take ψ k (x, y) = x n 1 y n 2 and ϕ m (x, y) = x + y in (1.2), we get
where L n 1 (x) and L n 2 (y) are Laguerre polynomials of degree n 1 and n 2 , respectively. Therefore, {K n 1 ,n 2 (x, y)} = {φ n 1 +n 2 ,n 2 (x, y)} ; n 1 , n 2 = 0, 1, . . . polynomials satisfy the following orthogonality relation from ( [6] ,p.206):
Bilinear and Bilateral Generating Functions
In this section, we derive several families of bilinear and bilateral generating functions for the polynomials φ N, n 2 (x, y) which are generated by (2.1) and given by (1.2).
We begin by stating the following theorem. Theorem 5.1. Corresponding to an identically non-vanishing function Ω µ (y 1 , . . . , y s ) of s complex variables y 1 , . . . , y s (s ∈ N) and of complex order µ, let
. and
Then we have
provided that each member of (5.3) exists.
Proof. For convenience, let S denote the first member of the assertion (5.3) of Theorem 5.1. Then, upon substituting for the polynomials
from the definition (5.2) into the left-hand side of (5.3), we obtain
which completes the proof of Theorem 5.1.
In a similar manner, we can prove the following result. 
where n 1 , n 2 , p, t ∈ N. Then (5.6)
provided that each member of (5.6) exists.
Further Consequences and Miscellaneous Properties
By expressing the multivariable function 
, then we obtain the following result which provides a class of bilateral generating functions for the Lagrange-Hermite multivariable polynomials and the polynomials φ N, n 2 (x 1 , x 2 ) defined by (1.2). provided that each member of (6.2) exists. Remark 6.1. Using the generating function (6.1) and taking a l = 1, µ = 0, ν = 1, we have a k 1 ,k 2 (n 1 − pk 1 )! (n 2 − tk 2 )! φ N −(pk 1 +tk 2 )(m−1), n 2 −tk 2 (x 1 , x 2 )
